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Abstract 
Groetsch, C.W., A simple numerical model for nonlinear warming of a slab, Journal of Computational and 
Applied Mathematics 38 (1991) 1499156. 
The surface temperature history of a slab, with a nonlinear warming law at the surface, is modeled by a weakly 
singular nonlinear Volterra integral equation. An Abel type inversion formula is derived and applied to the 
equation and the resulting nonlinear integro-differential equation is discretized by collocation and product 
integration using linear splines. The resulting nonlinear system is solved by Newton’s method. Uniform 
convergence of the method is proved on certain time intervals and some numerical illustrations are provided. 
Keywords: Nonlinear heat transfer, integral equations, inverse formulas, collocation, uniform convergence. 
1. Introduction 
In this paper we investigate the convergence of a simple numerical method for approximating 
the surface temperature history of a finite slab that is being warmed under the influence of a 
nonlinear boundary condition. Consider, then, a homogeneous slab, 0 < x < a, - cc < y < cc, 
insulated at the wall x = a, initially at temperature 0, and subject to a certain nonlinear transfer 
law at the surface x = 0. With appropriate choice of variables, the temperature u( x, t) at the 
point x at time t satisfies the conditions 
u, = uxx, O<x<l, U(X, 0) = 0, t&G t) = 0, (1.1) 
and we posit a nonlinear boundary condition 
u,(O, t) = R(u(O, t)) - R(f(t)), (14 
where f is a given positive continuous function representing the ambient temperature, and R is a 
given increasing continuous function satisfying R(0) = 0. The function R is an expression of the 
heat transfer law; for example, if R is linear, then Newton’s law of cooling is in force, while a 
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quartic R responds to a Stefan-Boltzmann radiation law. Other power laws have been used to 
model the combined effect of convection and radiation in a semi-infinite body [3,7]. 
The semi-infinite case (a = M) has been studied by a number of authors [1,4-61. In these 
papers the surface temperature history +(t): = ~(0, t) is characterized as the solution of a 
nonlinear Volterra integral equation and various analytic and asymptotic properties of this 
equation are investigated. In [2] the author investigated a numerical method for the integral 
equation modeling the semi-infinite body. 
Laplace transform techniques can be used to derive an integral equation satisfied by the 
surface temperature history +(t): = ~(0, t) for the finite slab. Setting g(t) = u,(O, t) and 
denoting transformed functions by corresponding upper case letters, one obtains from (l.l), 
(1.2), after some manipulation 
M 
U(s) = -G(s) c 
i 
exp( -(x + 2an)&) + exp( -(2(n + 1)~ +x)6) 
n=O fi fi 
The convolution theorem then yields 
where 
k,(z) = i exp((-a2n2)/z). 
?I--00 fi 
In [9] a numerical method, without convergence proofs, based on the generalized trapezoidal rule 
with Richardson extrapolation applied directly to (1.3) is presented. 
Our method is based on an explicit inversion formula for (1.3), which generalizes the classical 
Abel inversion formula. A spline collocation method is then applied to the inverted form of the 
integral equation. The inversion formula is based on a Laplace transform analysis of (1.3). 
First note the Laplace transform of the kernel (6) -‘k,(t) is given by 
The convolution theorem and (1.3) yield 
1 - exp(-2&) 
G(s) =‘@(‘) &(l + exp( -2uG)) 
But, ~(0) = 0 and 
(-1) 
n exp( -n2u2/t) 
00 
Ji 
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and hence a second application of the convolution theorem yields the following inversion for 
(1.3): 
(1.4) 
Note that in the special case a = cc, (1.3), (1.4) is the classical Abel inversion formula. 
In the next section a rigorous convergence analysis of a numerical method, based on (1.4), for 
approximating the surface temperature history $, is presented. 
2. A numerical method 
We will approximate the function + on a time interval [0, T]. On this interval we assume that 
the ambient temperature f satisfies 
O<f(t) -CM. 
As an approximation to + we take a function 
+hCt) = 5 GjljCt>, 
j=l 
(2.1) 
where Zj are the piecewise linear spline functions based on the mesh points t, =jh = jT/N, 
j=l ,.**> N. Substituting +,, in (1.4) and collocating at the mesh points ti results in the following 
system of nonlinear equations for the unknown coefficients ~$~i: 
hG( R( f (ti)) - R(+i)) = i a*,Gji, i= l,..., N, (2.2) 
j=l 
where 
(i-j+l)h 
a,j = 
/ 
w,(s) ds - 
(i-j)h J 
(I-Ah 
w,(s) ds. 
(i-j-l)h 
If we set 4-i = 0 and 
qm: = 
/ 
,” wa(mh + s) ds, (2.3) 
then the matrix entries may be expressed by 
aij = 41-j - qi-j-1, l<j<i<N. (2.4) 
Lemmal.O<q,<q,_, form=1,2 ,... . 
Proof. We note that the function w, may be expressed in terms of Jacobi’s theta function 
]lO, P.4731, 
e~(x)=~~~(l-x’“l)(l-x”), O-Cx<l, 
bY 
w 
= 
@> = @%4exP(-a2/t)) 
\/i . 
(2-5) 
Since 0, is positive and decreasing, so is w,. The lemma now follows from (2.3). q 
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As a consequence of the lemma, we have a ij < 0 for j -C i and 
the equations (2.2) have a unique solution. To do so we define 
i-l 
hJ;;[R(f(fi)) -R(P)] - C a;jGj 
g;(P) = 
j=l 
a;; 
, 
and note that a solution 9, of (2.2) is a fixed point of gi. 
aij = q,, > 0. We now show that 
the continuous functions g, by 
Lemma 2. Each of the functions g, has a uniquefixedpoint r#+ E (0, M). 
Proof. From the properties of R and f we have g,(O) > 0 and gr( M) -C 0. Since g, is monotone 
decreasing and continuous, it follows that g, has a unique fixed point +r E (0, M). 
If I#J~ E (0, M) are fixed points of g, for j = 1,. . . , i - 1, then 
1-I 
hJ;FTR( f (ti>) - C a;i+j 
g, (0) = 
j=l 
aii 
’ 0, 
since a,, < 0 and ai; > 0. Also, 
i-l i-l 
hG[R(f(t;)) -R(M)] - C a;,Gj - C aij+j 
g;(W = 
j=l 
< 
j=l 
a,, ‘ii 
i-l 
M c GA-j-l - cl-,) 
< 
j=l = JG&J - 4i-1) <M 
40 40 
Therefore, gj has a unique fixed point +, E (0, M). 0 
We now give a proof of the uniform convergence of & to +, the true surface temperature 
history, as h + 0. As a preliminary, we find a bound for the norm of the inverse of the matrix 
4 = [%,I. 
Lemma 3. 11 Al1 11 o. G (w,(T)h)-‘. 
Proof. Note that A, = q,l - S, where -S, is the subdiagonal part of A,. Therefore, 
. 
But, 
= max 
l<i<N 
i-l 
- C aij 
/=I 
40 
= max 40-4i-1 =@!!s. 
1gigN 40 40 
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1 
= - 
qN-1 ’ 
From (2.3) and (2.5), we then have 
qN_i=~‘~~((N-l)h+s) ds>w,(T)h. 0 
Before presenting the convergence theorem, we need an approximation lemma for the operator 
K&)(t) = -$/ok’(r)w,(t - r> dr. (2.6) 
Let L,,$ represent the piecewise linear spline interpolant to Cp on [0, T], based on the mesh 
points t,. 
Lemma 4. If + E C*[O, T], then 
lykyN I T,(+ - bb)(td I = 0(h3’*). . . 
Proof. First recall that W,(Z) = B,(exp( -a*/~))/& and 
CT: = 84(e-n*/T)=g /34(e-a2/z)< 1, for z E [0, T], 
hence we need only consider the half-derivative operator 
D”*+(t) = &l’o’(T)(t-+‘/’ dr. 
Since +(O) = 0, an integration by parts argument yields 
JaP’+(t) = y + +/l(+(t) -+(T))(t - T)-~‘* dr. 
0 
Let eh = C$ - Lh+. Then 
D”*e, ( tk ) = - -&?&)(tk - 7)-3’2 dr. 
Also, 
k-l 
/ 0 
r'e,(7)(tk-~)-3'2 dr= c /f’+‘f?&)(tk-7)3’2 dr, 
J=o ‘, 
and for j -C k - 1, we obtain, using the fact that I] e,, I] m = 0( h*) [S]: 
/I’+&( T)( t, - p* 
‘1 
dr = O(h*)[(t, - t,+,)-“‘- (tk - tj)-l’*] 
=0(h3/2)[(k-j-1)-1’2-(&j)-1’2]_ 
Hence, 
(2.7) 
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c j^l"'e,(~)(r~- T)-~'~ dr =0(h3’*). 
j=O [, 
Finally, we estimate the last term 
s 
IA eh(r)(fk - T)-~‘* dr 
*A-, 
in (2.6). We use the fact [8, p.181 that for r E It,_,, tk], 
l%(T) I f II~“ll, 
(7--Ik_,)2(tk--)+(tk-7)2(7--ik-1) 
2h 
Direct calculations then yield 
1/ 
” ~(+f~-r)-~‘* dr =O(h3’*). •I 
Ih - I 
Theorem 5. Suppose + E C2[0, T] and R satisfies a Lipschitz condition, with constant L, on 
[0, M]. ~~L<w*(T~/~, then l~~~-~l~~=O(h3’*). 
Proof. Substituting the piecewise linear spline interpolant L& into (l-4), and using Lemma 4, we 
obtain 
hJ;;[‘(f(t;)) -‘(G(t;))] = C, u;j+(tj) + 0(h2.5). 
j=l 
Subtracting (2.1) results in 
Therefore, if we let 
u= [@(t&.,&J’ and uh= [+i,.--~~]~, 
then we arrive at the system of equations 
u-oh=h~Akl[R(vh)--(o)] +A,10(h2.5). 
Therefore, taking norms and using Lemma 3, we have 
]] 0 - oh ]/ m < HJ;;L ]] Ah1 ]] o. ]] &’ - Uh ]] to + ]] A;’ ]] ,O( h2.5) 
< p ]] l.J - Uh I] * + o( hr5), 
where p = I;&/w,(T) < 1. We then have /I u - uh ]I o. = O(/Z’.~). It follows that on the interval 
[0, T], the approximating functions (p,, defined in (2-l), (2.2) and the spline interpolant Lh+ to 
the solution +, satisfy 
]I Lh+ - &, I] oo G I] u - uh I] cc = o(h”5). 
However, from standard spline approximation theory [I $ - L& II M = O( h*), and the theorem is 
proved. Cl 
Table 1 
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N 100 200 300 400 500 
Error 7.53489.10-3 2.82627.10-3 1.57532.10-3 1.03709~10~3 7.48485. lop 3 
Order 1.41 1.42 1.45 1.46 
Table 2 
a t=l t=3 t=5 t=7 t=9 
0.1 0.807 0.999 1.00 1.00 1.00 
1 0.125 0.324 0.515 0.683 0.811 
5 0.107 0.192 0.250 0.297 0.339 
50 0.107 0.192 0.249 0.295 0.334 
Table 3 
Y t=l t=3 t=5 t=7 t=9 
2 ; 0.119 24 0.311 287 0.475 26 0.610 541 0.716 634
3 0.125 0.321 0.503 0.657 0.776 
4 0.125 0.324 0.515 0.683 0.811 
3. Numerical examples 
. In the numerical implementation of the method, the equations (2.2) are solved successively, to 
six significant figures, using Newton’s method. The final value of Gj is used as an initial 
approximation to Gj+ i and the convergence (for small h) is typically quite fast, usually requiring 
not more than four iterations. For the finite slab case, the numbers q,,, in (2.3) are computed 
using an eight-point Gaussian quadrature formula on [0, h], and the series is summed to machine 
accuracy (typically only a few terms of the series are appreciable). In the special case a = 
00, w,(z) = l/ &, and the numbers q, can be calculated explicitly. 
As a first example, we consider a semi-infinite body, with radiation law R(x) = x2, T = 10, 
and 
The solution of (1.3) is then G(t) = i&t2. The theorem then predicts 
0( h’.5) for the approximations. The computed errors for various N 
convergence is given in Table 1. 
an order of convergence 
and estimated order of 
In the next example we display the effect of slab width on surface temperature at various 
times. In this example we take T(X) = 0.1 x4, T = 10 and f(t) = 1. In each case, N = 50, i.e., 
h = i (see Table 2). 
As a final example we consider the effect of “turning up” the nonlinearity in the boundary 
condition. We take f(t) = 1, R(x) = 0.1 x”, a = 1, T = 10 and N = 50 (see Table 3). 
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